Abstract. We define a quotient B/A of bounded operators A and B on a Hilbert space H with a kernel condition ker A ⊂ ker B as the mapping Au → Bu, u ∈ H. A quotient B/A is said to be positive symmetric if A * B = B * A ≥ 0. In this paper, we give a simple construction of positive selfadjoint extensions of a given positive symmetric quotient B/A.
Introduction
Let A and B be bounded (linear) operators on a Hilbert space H with a kernel condition ker A ⊂ ker B. Then a quotient B/A (of bounded operators A and B) is defined by the mapping Au → Bu, u ∈ H. W. E. Kaufman [7, 8, 9 ] investigated various properties about quotients. In [7] , he showed that "a linear operator T on H is closed if and only if T is represented as a quotient B/A using A and B such that A * H+B * H(= {A * x+B * y : x, y ∈ H}) is closed in H", so that every closed operator is included in the class of quotients. Moreover, he proved that if T is a densely defined closed operator, then T is represented as T = B/(1−B * B) 1/2 using a unique pure contraction B, i.e., an operator such that B ≤ 1 and ker(1 − B * B) = {0}. Another study of quotients is given by the first-named author [4, 5, 6 ]. In particular, he showed [4] explicit formulae for constructing quotients which correspond to sums, products, adjoints and closures (if they exist) of given quotients.
Positive selfadjoint extensions of a closed positive symmetric operator have been investigated by J. von Neumann, K. Friedrichs, M. Krein, T. Ando, K. Nishio and so on. In [10] , M. Krein showed that the class of all positive selfadjoint extensions of a given densely defined closed positive symmetric operator has two extremal extensions, that is, the smallest and the largest in the ordering of positive selfadjoint operators. He also showed that the smallest extension coincides with the one obtained by J. von Neumann, and that the largest extension coincides with the one obtained by K. Friedrichs. In [1] , T. Ando and K. Nishio gave a necessary and sufficient condition for a (not necessarily densely defined) closed positive symmetric operator to admit a positive selfadjoint extension. Recently, Z. Sebestyén and J. Stochel [13] gave a necessary and sufficient condition for existence of a positive selfadjoint operator whose restriction to a linear subspace is a given linear operator.
The main purpose of this paper is to show a simple construction of positive selfadjoint extensions of a given positive symmetric quotient B/A, i.e., A * B = B * A ≥ 0. We first give a necessary and sufficient condition (Theorem 3.2) for a given positive symmetric quotient to admit a positive bounded extension. Secondly, using this theorem, we give a necessary and sufficient condition for a given positive symmetric quotient to admit a (not necessarily bounded) positive selfadjoint extension.
Preliminaries
In this section, we state some necessary articles in advance. The next lemma is a basic tool for our discussions. 
the operator N is uniquely determined, and the identity
We define the graph G(S) of a linear operator S having domain dom S by
Let K be a subspace of H and let A : K → H be linear and bounded, that is, sup{ Au / u : u ∈ K, u = 0} < ∞. Then, we define the natural extension A to H of A by
where K is the closure of K and K ⊥ is the orthogonal complement of K. 
Lemma 2.5 ([6, Lemma 2.6]). Let B/A and D/C be quotients, and suppose that CH is dense in H. Then the following facts hold
: (i) B/A ⊂ (D/C) * if and only if D * A = C * B. (ii) B/A ⊂ (B/A) * if and only if B * A = A * B. (iii) B/A = (B/A) * if and only if B * A = A * B, B * (−1) (A * H) = AH.
From the above lemma, it is reasonable to define a (not necessarily densely defined) quotient B/A to be symmetric if
The product of two quotients is again a quotient, and as a formula we have 
Bounded extensions
We define a quotient B/A to be bounded if
Then we have (ii) ⇒ (iii): Suppose that condition (ii) holds. Then we easily see that the kernel condition ker(B * A) 1/2 ⊂ ker B holds, and that 
We want to show that ZZ * (≥ 0) is a positive bounded extension of B/A. Since
Consequently we have (
Hence, we have
This means that ZZ * is a positive bounded extension of B/A, and we have condition (i).
Next we show the existence of the smallest and the largest positive bounded extensions of B/A. First, we prove that the operator ZZ * obtained above is the smallest positive bounded extension. Let D be any positive bounded extension of B/A, that is, a positive operator such that B = DA. Then we define a densely defined linear operator V as a mapping
Then, by a simple computation, we can see that V is a bounded operator (precisely, a contraction). Thus, the domain of V is naturally extended to the whole space H.
Thus we obtain Z = D 1/2 V on H, so that
Hence, we see that ZZ * is the smallest positive bounded extension (B/A) N of B/A. For the norm of (B/A) N we have 
Unbounded extensions
In this section, we will construct positive selfadjoint extensions of a given (unbounded) positive symmetric quotient by using Theorem 3.2.
Let S be a positive bounded operator such that 0 ≤ S ≤ 1 and
To see this, from Lemma 2.5(iii), it suffices to show
Conversely, is a positive selfadjoint operator T represented by S/(1 − S) using S such that 0 < S < 1 and (1− S)H is dense in H? We give the following proposition to answer this question.
Proposition 4.1. Let T be a densely defined positive selfadjoint operator. Then T is represented by S/(1 − S) using a unique positive bounded operator S such that 0 ≤ S ≤ 1 and (1 − S)H is dense in H.
Proof. Let T be a positive selfadjoint operator. Then since T 1/2 is also a positive selfadjoint operator, there exists a unique positive pure contraction B (i.e. B ≤ 1,
where M and N are bounded operators such that
This completes the proof.
Let B/A be a positive symmetric quotient. Then we have
Thus B/A 1 admits a positive bounded extension with α (B * A1) 1/2 ,B = 1 by Theorem 3.2(ii). Let S 1 be the smallest extension of B/A 1 such that 0
by Lemma 2.5(i), and we obtain a positive selfadjoint extension S 1 / (1−S 1 ) 
Hence by Lemma 2.6, 
We remark that this order coincides with the usual one when the selfadjoint quotients of both sides are bounded. By definition, we see that the positive selfadjoint 
